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Abstract. We define analogues of the classical Eisenstein series, Weierstrass function, 
Weierstrass equation and finally modular invariant for quantum tori. 

1. Introduction 

In Manin's Alterstmum f\n\ a framework is proposed for an explicit class field theory 
of real quadratic fields, in which it is suggested that certain quantum tori should play a role 
analogous to that of elliptic curves with Complex Multiplication |24|. For this reason, this 
proposal is sometimes known as the "Real Multiplication (RM) programme": an approach 
to the Stark conjectures 11261 in the case of real quadratic fields which uses notions of 
noncommutative geometry. 

In 1 17], the quantum torus Te, G K — Q, is understood as an object in a category of 
irrational toric algebras. The quantum torus may also be described in geometric terms as 
either the quotient K/(l, 0) of the reals by the pseudo lattice (1, 0), or equivalently, as the 
space of leaves of the Kronecker foliation c.f. fTFl or §2 of this paper. However since 
such spaces have the coarse topology, very little can be said about them using classical 
geometric techniques. 

Fesenko [7|, |8 | and Taylor ll27l . ll28l . ll29l advanced the idea of using nonstandard 
analysis to study the quotient R/(l , 0), replacing it by the Hausdorff quotient *Mbnd/(l , 9), 
where *Mbnd is the ring of bounded nonstandard reals. In ||8l a nonstandard version of 
the classical Weierstrass p-function is defined, using an hyperfinite sum associated to a 
sequence of points in the upper half plane converging to 9. 

The goal of the present paper is to provide a new geometric context for RM and a 
notion of modular invariant for the quantum torus Tg, using the fundamental germ of 
||9j , [IQI, by definition a subgroup of an ultrapower *Z of Z. Inspked by the classical 
Weber-Fueter theorem, it is hoped that the modular invariant proposed here may lead to an 
explicit construction of the Hilbert class field of a given real quadratic field. 

Our approach also involves nonstandard algebra, but plunges somewhat more deeply 
into its wilds, replacing the standard yet real pseudo-lattice (1,0) C M by the nonstandard 
yet integral fundamental germ [10] of ^g. In particular, the fundamental germ of J^g 
can be identified with the group *Zg of Diophantine approximations of 0, the latter defined 
here to be 

*Zg = {*« e *Z| 0*« ~ e *Z} 

where ~ is the relation of being asymptotic within *M = nonstandard reals. If we denote 
*]R = *M/ ~ (a real, non-topological vector space), then we may identify 

^g = •R/*Zg 
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as groups with a distinguished 1 -parameter subgroup corresponding to the leaf through 0. 
We thus focus on the Kronecker foliation and the nonstandard uniformization provided by 
its fundamental germ as a suitable analogue of an elliptic curve in this setting, using the 
group *Ze to introduce nonstandard analogues of the classical Eisenstein series, Weier- 
strass function, Weierstrass equation and finally modular invariant. 

In fact, we shall consider generalized Kronecker foliations (see §§2, 4) 

of the torus by lines of "/i-slope 0", which are uniformized by groups of the form 

where = and is its ultrapower Alternatively, =^^,0 is completely determined 
by the pair consisting of and the 1 -parameter subgroup of -slope Q through 0, a kind 
of continuous version of the notion of one-dimensional complex torus equipped with a 
cyclic subgroup of order A^. The moduli space Mod'^'^ of generalized Kronecker foliations 
fibers over the classical moduli space of tori Mod, and can be identified with the "signed" 
Anosov type foliation 

GL(2,Z)\(±Hx§^). 

In this way, Mod*^^ may be regarded as a continuous version of the level A' moduli spaces 
ro(A^)\H. The y-invariant we define will be a function of this space. 

We construct our nonstandard avatar of the classical Eisenstein series by considering an 
analogue of its defining double-series in our geometric context. For a hyperfinite subset of 
[F,] C *Ajj, we consider the associated partially summed Eisenstein series G[/7.](A;), which 
gives an element of *C = nonstandard complexes. Varying over the set D of all such 
hyperfinite [F,], we obtain a net of hyperfinite partially summed Eisenstein series. This net 
defines a section G{k) of the sheaf *C of ultrapowers of *C over the Stone space Ult(D) of 
ultrafilters on D. 

If we restrict the section G{k) to the subspace Cone(D) of cone ultrafilters (c.f. §3.1), 
one obtains a section all of whose values are asymptotic to the value of the classical Eisen- 
stein series G{k). On the other hand, for each d G M — Q, there is a subspace Cone(D)g 
consisting of those ultrafilters which recognize the cone filter on the set of hyperfinite sub- 
sets contained in *A^ q. This space is disjoint from Cone(D), and the restriction of G{k) 
to it provides us with the 0-quantum version of the Eisenstein series. 

In order to recover uniformizing group invariance - lost, since we have not take the full 
sum - we must quotient out by the diagonal shift action of *A^ on *C (in the classical case) 
or *A|j Q (in the quantum case). To recover the usual automorphy condition, we similarly 
divide out by the diagonal action of GL(2,Z). The equivalence classes obtained in this 
way define transversals in "ultrasolenoid" quotients of *C. Details may be found in §§5, 6. 

We apply a similar recipe to the formal double series of the classical Weierstrass p- 
function (with a slight modification) and obtain in our geometric context its nonstandard 
avatar p which gives rise to an associated Weierstrass infinitesimal equation (see §7, Defi- 
nition|3]l, the latter containing coefficients involving the Eisenstein series of "weight" k=\. 
The restricted pair of sections p')lcone(D) yields a solution to the infinitesimal Weier- 
strass equation (see Theorem[3]l and it is conjectured that the same is true of the restriction 

{PiP')\coue(D)g- 

The modular invariant is defined using the particular form of the Weierstrass infinitesi- 
mal equation, and provides functions f^'^^^ resp. yi"™' of Mod resp. Mod*^ each of which 
agrees in form with the usual formula for j, see Theorem 5 of §8. We have moreover that 
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f is asymptotic to the classical j-invariant, see Corollary 1 of §8. When ^ ~ i - the 
case of classical Kronecker foliations - the value of 9) is real, and we conjecture 

in this case that it is infinitesimal to a standard real. 

What follows is a summary of the contents of the paper In §2 we discuss generalized 
Kronecker foliations and their moduli. In §3 we review nonstandard mathematics, and 
in §4 we define the groups of Diophantine approximations of generalized Kronecker fo- 
liations. In §5 we define ultrasolenoids and ultratransversals, and in §§6-8 we define the 
Eisenstein series, Weierstrass function and equation and modular invariant, respectively, of 
a generalized Kronecker foliation. 

Acknowledgments: The author would like to thank 1) B. Zil'ber for having introduced 
him to the ideas of Fesenko and Taylor, and 2) R. Kossak for having presciently pointed 
out the paper [16J . This work was supported in part by the author's Conacyt and Papiit 
research grants. 



Consider the fCronecker foHation .^g of slope in the torus T, = C/(l , /}, i.e. the image 
in Tj- of the foliation of the complex plane C by lines of slope 9. The leaf space of J^g 
may be identified with the quotient group T, /Lg, where Lg is the leaf through the origin, a 
1-parameter subgroup of T;. When G M — Q, is dense in T; so that the leaf space is 
non Hausdorff. 

On the other hand, let Ag = (1,0) C M be the pseudo lattice generated by 1 and 9. As 
discussed in the Introduction, the quantum torus associated to G M may be defined as the 
following quotient; 



When 9 is irrational, this is a non Hausdorff topological group. It will be convenient for 
us to allow 9 to be rational as well, in which case one obtains the circle. 

Proposition 1. The leaf space of ^g is canonically isomorphic to Tg. 

Proof. Writing = M/Z, consider the suspension 

(MxS')/^, 

where the action of Z is diagonal: n ■ (r,5 + Z) = {r + n,{x — 9n) + Z). The suspension 
defines a linear foliation of T, : the image of the product foliation R x S\ whose leaves are 
of the form R x + Z}. There is an isomorphism of the Kronecker foliation J^g with this 
foliation, induced by C — > (R x r-\-isv-^ {r,s — r9 + Z). Through this identification, 
one sees that the leaf space of ^g is canonically isomorphic to the quotient group §'/(0 + 
Z). But the latter is clearly canonically isomorphic to Tg. □ 

The Kronecker foliation has an obvious generalization in which one replaces T; by any 
complex torus 



where A^ = and where ^ G H = the hyperbolic plane. Given 9 G RU {oo} « let 



2. Quantum tori and Kronecker Foliations 



Te=R/Ae. 



= C/A^ 
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The image =^(^,9) of '^{^,e) in is called a generalized Kronecker foliation of slope 
Q and modulus fX. Alternatively, ^(^,e) is completely determined by the pair 

consisting of the complex torus and the distinguished 1 -parameter subgroup 

^(/i,e) = image of the line ^-(^,9) — leaf through 0. 

The reader may think of this as a continuous generalization of the notion of a complex 
torus equipped with a distinguished finite subgroup of order A^. 

As in ifTTI . it will be convenient to allow the parameter pL to take values in H as well. If 
we denote by ±13 = H U EI then PGL(2, Z) acts on ±H by isometrics and we recover by 
quotient the classical moduli space of complex tori 

Mod PSL(2,Z)\H w PGL(2,Z)\ ± H. 

The Kronecker foliation ^(^i.e) for /X G EI is defined exactly as in the case of e H. Note 
that for all 0) e ±EI x §' we have the equality 

This equality remains true for = 00 (which has no sign). 

Let (/X, 9') e ±llx We say that the Ki-onecker foHations =^(^,9) and^(^/ g/) 

are equivalent if there exists a homothety z^Xz inducing an isomorphism of complex tori 
that transports -^(^.e) t° ^(n'.e')'- or equivalently, inducing an isomorphism of pairs 

/: (T;i,i(|i,9)) — > (Tr^'.i'(ii'.e'))- 
Note that this notion of equivalence is formally in agreement with that used for pairs of 
tori and finite subgroups of a fixed order A^. 

In what follows, for any A G PGL(2,Z), denote by A^^ the transformation defined by 
the inverse of the transpose of a matrix in the projective class of A: note that (AB)^^ = 
A-^B-T. 

Proposition 2. =^(^,e) is isomorphic to ^[^ii,ei) if and only if there exists A G PGL(2,Z) 
such that 

fi'=Aill) and e'=A-^{e). 

Proof. Assume first that G H and ■^{fi.e) and J^(^/.e') are isomorphic via the homo- 
thety defined by A G C with A • A^j = A^/. Then we have 

XlJ.=aiJ.' + b X^c^' + d 

where 

B=[l 2)eSL(2,Z). 

Thus n or^u' On the other hand, 

A-L(^,9) = "^-iicpi' + d) + B{api' + b)) 

= ^■{{bd + d) + {ad + c)ii') 
= R-(1+B^(0)^') 



- hB-i{iJL),BT(e)y 
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This shows that multiplication by A induces an equivalence of fohations 

Writing A = Z?^' we obtain the form of equivalence stated in the Proposition. 
In case (^', 9') = (-^, -0) then we take 

A=(^'l 1 ) eGL(2,Z) 

and noting that A = A^ A"^ we have (A(/x),A"^(0)) = (-^, -0). The argument above 
is symmetric, so that if there exists A G PGL(2,Z) such that /x' = A(/i) and 0' =A^^{9), 
then the corresponding Kronecker foliations are equivalent. □ 

The moduli space of isomorphism classes of quantum tori is usually defined ifTSll 

PGL(2, Z)\(P' (M) - (Q)) 

which may be viewed as a kind of boundary of the classical moduli space Mod. Note that 
Mod"'^ is itself a noncommutative space since PGL(2, Z) acts densely on P' (R). It will be 
convenient for us to slightly modify this definition and define instead 

Modi':=PGL(2,Z)\pi(R) 

including the rational points as "singular quantum tori". 

By Proposition!!] the moduli space of generahzed Kronecker foliations is the "signed" 
Anosov foliation 

Mod'^f = PGL(2,Z)\(±]H[x§i) 

where A G PGL(2,Z) acts by 

A-(p,e) = {A{fi),A-^{e)). 

We regard the images of ±H x {9} in Mod''*^ as the leaves. This fohation fibers over 
Mod = PGL(2,Z)\ ±11, in which the fiber Mod|;| over the class [/] € Mod parameti'izes 
the "classical" Kronecker foliations. We have the following moduli space analogue of 
Proposition[T] 

Proposition 3. The leaf space of Mod^^ is in canonical bijection with Mod'''. □ 

Proof. Since the fiber Mod|| is a complete transversal of the foliation Mod''*^, the leaf space 
of Mod''^ may be identified with the set of leaf classes of elements of Mod||. The latter is 
the image of {/} x §' c ±11 x S' under the suspension quotient. In particular, two points 
of Mod|j| lie on the same leaf if and only if their preimages (/, 0), (/, 0') S {;} x satisfy 
0'=A(0) forsomeA gPGL(2,Z) acting projective linearly on S' «MU{oo}. Thus the 
leaf space of Mod'^ may be put in canonical bijection with PGL(2, Z)\§' w Mod'''. 

□ 

Note 1. We may think of Mod''^ as a "continuous version" of the moduli space ro(A^)\lI 
that classifies isomorphism classes of ordered pairs {E,C), where E is an elliptic curve 
defined over C, and C is a cyclic subgroup of E of order A^. 

3. Nonstandard Structures 

Let D be a discrete, infinite directed set, for example: N — the natural numbers, or 
Fin(A) = the set of finite subsets of A (directed by inclusion), where A is an infinite set. 
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3.1. Ultrafilters and Stone Spaces. We recall that a filter on D is a subset f c 2" such 
that 

- f does not contain the empty set. 

- lfX,Y G f thenXny G f. 

- If X e f and y 3 X then F e f. 
Dually the set of complements 

I^:={X\D-Xen 

is a proper ideal in the Boolean algebra 2^. A maximal filter u is called an ultrafilter, whose 
set of complements /u is a maximal ideal of 2^. A filter f is called nonprincipal if there 
exists no X G f with X cY for all 7 G f, or dually, if If is a nonprincipal ideal. See lfT3l for 
more details. 

If one has a family £/ C 2^ of subsets not containing the empty set and satisfying the 
finite intersection property, there is a unique minimal filter containing the filter {£/) 
generated by £/. For example, if 7 G Z) and 7 = {/ > 7} is the cone over 7, then by 
directedness = {7} satisfies the finite intersection property and we will call c = Cd — 
{£/) the cone filter on D. Note that c is nonprincipal: indeed, if there were a setX contained 
in all members of c, then for any 70 G X and 7 > 70 we would have X ^ 7 G c. An ultrafilter 
u 3 c will be called a cone ultrafiltefl We note that cone ultrafilters are also nonprincipal. 

The set of ultrafilters Ult(D) on D, equipped with the topology generated by the opens 

Vx = {u I X G u}, Xc2" 

is called the Stone space of D lfT4ll . One has that = V^c where C means complement, 
so that the Vx are also closed. With this topology, Ult(D) is totally-disconnected and 
compact, homeomorphic to the Stone-Cech compactification of D or dually, to the space 
of maximal ideals Spec(2^) equipped with the dual Stone topology. The isolated points 
are the principal ultrafilters. 

The subspace Cone(D) of cone ultrafilters is closed since 

Cone(D) = f] V^. 

In addition, Cone(D) is perfect as all of its elements are nonprincipal ultrafilters, hence are 
non-isolated points. In particular, Cone(D) is a Cantor set (of cardinality possibly greater 
than that of the continuum). 

3.2. Ultraproducts. Fix an index set D. Let L be a first order language and let Mi, i G Z), 
be a family of L-structures (i.e. a family of groups, rings, fields, etc) [2], [IS]. Then the 
reduced product [6 1 of the Mi with respect to f a filter on D is the L-structure 

[M,]f:=nM,/~f 

where (xi ) ~f {}^^ ) if and only if {t | Xi = xj } G f. If M; = M for all I, the reduced product 
is denoted 

and called the reduced power of M with respect to f. If f = u is an ultrafilter, the reduced 
product (reduced power) is called an ultraproduct (ultrapower). 

By L0s' Theorem (T\, the ultrapower *Mu is an elementary extension of M, where the 
embedding M ^ *Mu is given by the constant nets. What this means is that *Mu is a 



The ultraproduct proof of the compactness theorem of first order logic uses a cone ultrafilter on Z) = Fin(r) 
where 7" is a finitely satisfiable first order theory 1.21] . 
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nonstandard model of M i.e. it satisfies the same set of L-sentences as M. In particular if 
M is a group, ring or field than so is *Mu. As one varies the ultrafilter, one obtains a sheaf 

Ult(D) 

whose fiber over u is *Mu, c.f. lfT6l . 

Note 2. If one assumes the Continuum Hypothesis (CH) and M is countable, then any 
two nonprincipal ultrafilters produce isomorphic ultrapowers [2]. More generally, if the 
complete theory of M is uncountably categorical {e.g. take M — C), then again assuming 
the CH, the nonprincipal fibers of *M will all be isomorphic, though not canonically so 
|fT9]| . We will not, however, assume CH in this article. 

If / = N and u is a nonprincipal ultrafilter of /, then we will often suppress the ultrafilter 
in our notation and denote the ultrapower 

*M := *Mu, 

informally referring to it as "nonstandard M"; its elements will then be denoted *x, repre- 
sentatives of which are sequences in M. 

3.3. The Extended Reals. We now turn to some specific ultrapowers which will be of 
interest to us: the nonstandard versions of the integers, the rationals, the reals and the 
complexes related in the usual way: 

*Z c *(Q) C *M c *C. 

Note that each of these structures contains classes corresponding to unbounded sequences, 
and are therefore non-Archimedean (as rings or as fields). In addition, *Z, *Q and *M are 
linearly ordered Il22l . ifTTl . and the least upper bound property does not hold in *M. 

It can be easily checked that the field *Q is the field of fractions of the subring *Z. In 
addition, *Q is also the field of fractions of another, local subring, defined as follows. Let 
I ■ I be the Archimedean absolute value on Q. Then | • | induces in *Q a nonstandard absolute 
value with values in *]R+ = the nonnegative elements of The set of bounded elements 

*Qbnd = {*q e *Q I there exists r e M+ such that |*^| < r} 

is a local ring with maximal ideal the set of infinitesimals 

*Qe = {*q e *Q I for all non-0 r e M+, 1*^1 < r}. 

We shall write *x ~ *y whenever *x — *y^ *Qe and say that *x and *y are infinitesimal to 
one another We shall also refer to such a relation as an infinitesimal equation. 
There is a canonical epimorphism 

std : *Qbnd ^ K 

called the standard part map: for any *q G *Qbnd, std(*q') is defined to be the unique ac- 
cumulation point of any representative sequence {qt} recognized by the ultrafilter. More 
precisely, for any representative sequence {qt], there exists X e u such that {^iHA" con- 
verges to a point std(*g') £ M, which depends neither on {^,} nor on X |22|. 
The kernel of std is *Q£ so that we have an isomorphism of fields 

*Qbnd/*Q. = R. 

One may compare this situation with that of the p-adic numbers Qp, where the quotient of 
the ring of integers by its maximal ideal is the finite field Fp with p elements. 
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Extending | • | to *M, we define in the same way the local ring *Mbnd with maximal ideal 
*M.£ obtaining *Rbnd/*K£ = M. We may similarly recover C from the quotient *Cbnd/*C£ 
where *Cbnd, *C£ are defined using the usual absolute value in C. 

The quotient 

is a real vector space (but not a topological vector space with respect to the quotient or- 
der topology) which we shall call the extended reals |9l, flOl. Note that 'R contains M 
canonically, and also *Z since *Zn*M£ = {0}. We will view 'M as "foliated" by the cosets 
*x + K. The subring *Z defines a transversal (in the sense that it has non trivial and dis- 
crete intersection with each coset leaf *x + R) and the "leaf space" may be identified with 
*'L/'L, which a priori is not endowed with any particular topology. We define the extended 
complex numbers *C in exactly the same way. 

4. DioPHANTiNE Approximation Groups 

Fix *Z a nonstandard ring of integers and let (jU , ) G H x §^ . Notice that since A^, C C 
is discrete, the ultrapower *A|j is naturally a subgroup of the vector space 'C In the 
Proposition which follows, we shall endow *C with the the euclidean topology along its 
coset leaves *z + C and the discrete topology transversally. 

Proposition 4. The quotient 

is a topological group topologically isomorphic to T^. 

Proof. We note that (*C, +) is a topological group. In addition, *A^ is a complete transver- 
sal for *C, so that every *z G *C can be translated by an element of *A^ to C C *C. Since 
*A^ n C = A^, then 'C/*Af, = C/A^ and the claim follows. □ 

Let us define the extended line of /i -slope 9 as 

•1(^,9) :=*R-(0M + 1) C*C. 

Note that this set is well-defined: 'C is a complex vector space and therefore, the expres- 
sion 'r{QpL + 1) makes sense as + 1) G C. 

We now consider the notion of Diophantine approximation adopted in ||9l, ifTol 0. 

Definition 1. We say that *n G *Z is a Diophantine approximation of 9 (relative to pi) if 
there exists *m G *Z such that 

(1) *mAl + *nG '1(^,9) n*A^. 

The next Proposition shows that the condition ^ depends only on Q. 

Proposition 5. The pair {*m,*n) defines a Diophantine approximation of 9 relative to fJ, 
if and only if its coordinates satisfy the following infinitesimal equation in *R : 

(2) *n9 ~ *m. 

It should be pointed out that the term "Diophantine approximation" generally refers to a subject, and is not 
ordinarily given the status of a formal mathematical definition in standard references such as [T], II5I . 1231 . The 
definition given below and in f9], (T5'\ is in keeping the the general philosophy of the theme, in the sense that it 
includes all sequence classes corresponding to those generally studied in the field of Diophantine approximation. 
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Proof. Indeed, *n is a Diophantine approximation of 6 relative lo H=a + ib if and only if 
there exists *r e *]R such that 

*mjU + *n~*r(0;U + l). 
Separating into real and imaginary parts gives the pair of infinitesimal equations 

(3) *OTa + n ~ *r(0fl + 1) and *mb'^*rdb. 

The second equation of Q is equivalent to *m ~ *r0, which, when plugged back into the 
first equation of (|3]l, gives 

mfl + n~ rda+ r 2± ma+ r 

or *r ~ *n. Plugging the latter into *m ~ *rQ gives (|2]i. Conversely, if {*m*n) satisfies (|2|l, 
then taking *r = *n gives the pair of equations (O, which imply the condition ([T]l. □ 

It is clear from ^ that the collection of Diophantine approximations of 9 relative to ji 
forms a subgroup of *Z denoted 

which is independent of /i. Note that this group is uncountably infinite and torsion-free. 

Theorem 1. The group *'Lq is an ideal in *Z if and only if 6 £ Q. If 6,9' §' satisfy 
A{9) — 9' for some A G PGL(2,Z) then *Zg is isomorphic to *Zqi. 

This result can be found in ||9l. For the convenience of the reader, we include here a 

Proof. If e Q, then a pair *n, *m satisfies (|2]i if and only if we have equality: *n9 ~ *m. 
Such an equality is invariant with respect to multiplication by elements of *Z, which shows 
that *Zfl is an ideal. If 9 G M — Q and ^n G ^Zg then by irrationality we can find G *Z 
such that *N*n9 contains a representative sequence asymptotic mod Z to any element of 
§^ we choose. If this element is not 0, then *N*n ^ *Ze, showing that *Z0 is not an ideal. 
Let 

a b 
c d 

be a (representative of an) element of PGL(2, Z). If (*m, *n) satisfies ^ then 

m' \ *m\ I a*m + b*n 



*n' J *n J \ c*m + d*n 

satisfies the analogue of (|2| for A(0). Indeed, *n'A{9) ~ *m' if and only if *n'{a9 +b) ~ 
*m'{c9 +d). Here we are using the fact that an infinitesimal equation is invariant with 
respect to multiplication by ordinary real numbers: this because *M.£ is an ideal in *Mbnd- 
But the latter infinitesimal equation simplifies to *n0 ~ *m. □ 

The element *m associated to *n is unique: we refer to it as the dual of *n and use the 
notation 

n := m. 

The set of duals *Zg is a group canonically isomorphic to *Zg and equal to *Zg-i. In 
addition, the collection jx ■ *n^ + *n defines a subgroup 

called the group of [jJ. , 0)-fractions, and the map *n^ ji- *n^ + *n defines an isomorphism 

*Z0 > *\ii,6)- 



10 



T. M. GENDRON 



There is a natural homomorphism of abelian groups 

std(^_e) : *i(^,e) — > 

defined as follows. Take a representative sequence {ra} G *r G *M, and consider the image 
in Tyj of the sequence 

{r„- (6^1 + 1)} 

in the leaf i(^,9) C through the origin. Since T^, is compact, the ultrafilter will recog- 
nize a unique limit point of this sequence, which is independent of the choice of {ra} ^ * r 
(again, see 1221 for more on this compactness principle). We define 

std(^,e)((V.(0Ai + l)) 

to be this limit point. 

Notice that the leaves of 'M gives rise to leaves of 'L^^ gj, defined as the scalar multiples 
of the form + 1) ■ (*r + R). We note that the leaf corresponding to *r = is the fine 
^(/j,e) C C which was defined in §2: that is we have i(^,e) C *L(^ g). The map std(^ g) 
transports these leaves to the leaves of the associated Kronecker foliation 

Theorem 2. If 9 is irrational then std(^ is surjective with kernel *A(^ gj. 

Proof. Surjectivity follows from the density of gj in T^. The map std^^ gj coincides 
with the restriction of the epimorphism 'C of Proposition|4]to the subspace *L(^ gj, 

so that the kernel is *i(|j,g) n = ■ 

Thus we have the "foliated group" isomorphisms 

•M/*Zg = 'Lf^ g)/*A(^ g) = -^{ii.e)- 

Here we point out that the last isomorphism is not topological: nevertheless it is possible 
to put on 'i^i.e) a new transverse topology so that the action of *A(^ g) is by homeomor- 
phisms, and that the quotient 'Li-^ g)/*A(^ gj becomes a foliation isomorphic to =^(^,e), 
see S, Ho). If we denote *L(^,e) = il + 9n)-*Rci*C then the space 

will be viewed as a foliation of the nonstandard torus = *C/*A^ all of whose leaves 
are isomorphic to *R. 

5. Ultrasolenoids 

As in the previous section we denote by *Z, *C the ultrapowers of Z, C with respect to 
a fixed nonprincipal ultrafilter on N. Let A be a set, *Au be an arbitrary ultrapower with 
respect to some index set D and ultrafilter u. Recall that a hyperfinite subset lillj . L22J of 
*Au is an ultraproduct of the form 

[f,]u C [A, =A]u = *Au 

where Fi C A is finite for all i E D. Note that every finite subset of *Au is hyperfinite. 
Consider now the directed set 

D = {hyperfinite subsets [Fi] (1*1?) . 

Denote by c the cone filter on D, which we recall was defined in §3 as the (nonprincipal) 
filter generated by the cones 

cone([^^-]) = {[^;']|[^;-]c[^;']}. 
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Let Ult(D) be the Stone space of ultrafilters on D, and denote by Cone(D) C Ult(D) 
the subspace of ultrafilters extending c. Each element u G Cone(D) is nonprincipal, thus 
Cone(D) is a Cantor set. Observe that *7? acts on Ult(D) via translation, u u+ (*m, *n), 
and this action preserves Cone(D). For us the importance of the cone ultrafilters is that 
they will provide partial summation schemes that correspond well to the classical notion 
of a convergent infinite series. 

Following [161, we will define a sheaf of ultrapowers of *C over Ult(D). Thus, for each 
u G Ult(D), denote by *Cu the ultrapower of *C with respect to u, and denote by 

Ult(D) 

the associated sheaf of ultrapowers. 

Let *r be the *C-algebra of set-theoretic sections of *C: the *C-algebra structure comes 
from the fact that *C is canonically included in each fiber *Cu (via the constant net inclu- 
sion), so that in particular, each fiber is a *C-vector space. In particular, we have canonical 
algebra inclusions 

C c *C c *f 

defined by the constant sections. Finally, denote by ^C™"** the restriction of *C to Cone(D). 
Denote by ^f^""*^ the sections of *C'^™'^. There is a canonical algebra epimorphism *r 
op cone gjygjj i^y restriction. 

We will now define quotients of the above mentioned sheaves by groups acting di- 
agonally along the base and the fiber, which as such, will no longer be sheaves but rather 
solenoid like objects, in a sense to be made precise below. The reason for doing this will be 
to ensure that the summation objects we define in the sequel (e.g. Weierstrass p-functions) 
become invariant with respect to translation in resp. *A(^ ej. 

We begin by defining a diagonal action of on *C by shifting net classes: if 
is a net representing the class °z G *Cu and if {(OT;,n,)} is a sequence representing (*m, *n) 
then 

{*W[F,]} := {*Z[F, + [m,.,n,)]} 

yields a well-defined element of *Cu_(*,„ Indeed, suppose that is another net 

representing °z- Then there is a set X G u of hyperfinite sets such that 

It follows then that we have 

{*>^[f;]}|x-(*m,*«) = {*Z[F^]}\x = {*z[f.^}\x {*w[p.]}\x-{''m.*n)- 

This action maps fibers of *C onto fibers by *C-algebra isomorphisms. If °Zu G *Cu, we 
denote by {*m,*n) -^Zu G „ *„,•) its image under the action of {*m*n). Notice then 

that we have 

(*m,*n) ■Cone(D) = Cone(D) 

so that this action preserves the sheaf *(C'^°°''. 

There is also an induced action on the *C-algebra *r. If / : Ult(D) ^ *C is a section 
then g = (*m, *n) ■ f is defined 

g{u) = (*m,*n) •/(u+ (*m,*n)). 

This action is also by *C-algebra isomorphisms, and preserves as well the algebra *r'^°"'' 
of sections of*C™"^ 
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Definition 2. The quotients 

are called ultrasolenoids. The quotients 

Op Op ^*^2 _^ opcone opcone ^*^2 

are called the spaces of ultratransversals (of the corresponding ultrasolenoids). 

Note that the ultratransversals are *C-algebras in which there are canonical inclusions 
ofCand*C. 

Note 3. The ultrasolenoids defined above are sheaf theoretic generalizations of the classical 
solenoid 

§ = (M X Z)/Z 

where Z is the profinite completion of Z (a Cantor group) and the action is diagonal. We 
think of the images of the fibers *Cu as the "leaves" of *C (each of which is foliated by 
its *C-cosets). Recall from Note|2]that assuming the Continuum Hypothesis, the "leaves" 
of *C will be isomorphic to one another, though not canonically so. This motivates our 
foliated view of these quotients. In particular, the elements of *r are complete transversals 
of*C. 

We now define ultrasolenoids that correspond to elements (J e M — (Q). Let 

*Z^ = {{*n^*n)\*n £ *'Le} < *l} . 

Let Dq c Z) be the subset of hyperfinite subsets contained in *Zg . Let cg be the cone filter 
of Dq. Denote by 

Cone(D)9 C Ult(ZJ) 

the subspace of ultrafilters u of D that extend cq. Intuitively, the ultrafilters belonging to 
Cone(D)e are those ultrafilters on D that are capable of observing the group *Zg. 

Proposition 6. Let 9,ri G §' be distinct. Then 

Cone(D)0 n Cone(D) = = Cone(D)0 n Cone(D),, . 

Proof. Suppose that u G Cone(D)g n Cone(D) so that u contains both c and cg. Let F C 
I? C*1? he a finite set containing a non zero element {m,n). Then cone(F) G c C u and 
each element of cone(F) is a subset of *Z^ which contains {m,n). On the other hand, for 
any X G cg C u, X cannot contain any subsets which contain (m,n), as the irrationality of 
9 means that every non-zero element of *Z| belongs to *Z^ — 7?. In particular we must 
have that X D cone(F) is empty, contradicting the fact that u is an ultrafilter. 
Now for all 7^ Tj we have 

*z^n*z2 = (0,0). 

Indeed, if (*n^.*n) G *Zg then 9 ~ *n^/*n so that it is not possible to also have rj ^ 
*n^/*n for / T]. In particular Dq DDj^ = {(0,0)} and therefore 

Cone(D)enCone(D)^ =0. 



□ 
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Denote by 

Oj^cone 

the restriction of *C to Cone(D)e and by 

of^cone 

^ e 

its algebra of sections. The group *Zg acts diagonally on ^C™'"' and on ^f"™"" with quo- 
tients denoted 

o^cone Opcone 

There is a canonical inclusion 

whose image is disjoint from that of *C'=°n'= by Proposition |6] Thus we may view *Cg™'' 
and *C'^™'= as disjoint subsolenoids of *C. We also have an epimorphism of *C-algebras 

<>f^ o-pcone 

i > i g . 

As mentioned earlier, the ultrasolenoids we have just constructed have the purpose of 
insuring that objects such as the analogue of the p-function enjoy invariance with respect 
to the groups resp. *A(^ . On the other hand, in order to obtain the desired GL(2, Z)- 
automorphy of the nonstandard modular invariant defined in §8, we must also quotient by 
the diagonal actions of elements of the group GL(2, Z). 

We note that the left action of GL(2, Z) on *Z^ induces one on U lt(Z)), which preserves 
Cone(Z)) and identifies Cone(D)Q with Cone(D)^(0). We may now define a diagonal action 
of GL(2, Z) on the sheaf *C: if } represents an element of *Cu then 

{*W[F,]} ■= {*Z[AF,]} 

represents an element of *C^-i^j. As before, since this action is essentially a shift, it acts 
by *C-algebra isomorphisms along the fibers of *C. There is also an induced action on 
elements of *r defined 

f^g=Af, g{u)=A-f{Au) 
which defines an *C-isomorphism of *r that acts as the identity on the constant sections 

*C c *f . 

Let be the group generated by the diagonal actions of *Z^ and GL(2, Z) on *C. Then 
has the same cardinality as *I? and acts by isomorphisms along the fibers of *C. We 
form the quotient with respect to this group, obtaining an ultrasolenoid denoted 

with corresponding *C-algebra of ultratransversals 

Since the action of GL(2,Z) preserves Cone(D) we have the associated cone subsolenoid 
*C,^°"'', as well as the expected epimorphism ^Fcf ^r,^""*^ onto the cone transversals. 

To obtain the 9 versions of these solenoids, we must proceed more carefully. Let us 
denote 

Cone(D)q"™' = yCone(D)e 

which by Proposition |6] is a disjoint union that is disjoint from Cone(D). Let *cq"™t 
the restriction of *C to Cone(D)'5"''"'. Note that the action of GL(2,Z) preserves the sheaf 
ojgquant ^^j.^ isomorphisms on its algebra of sections ^f"™'. 

On the other hand. If {*m,*n) G *Z|, it is not the case that the translation action 
of {*m,*n) on ultrafilters preserves Cone(D)i"™'. Instead, we will regard {*m,*n) as 
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providing a partially-defined action on this set, where we define (*m, *n) + u only for 
u G Cone(D)g. Observe in this case we have (*m,*n) + u G Cone(D)e. 

On the sheaf oc'!"^"' we let be the relation generated by the actions of GL(2, Z) 

and the partially defined actions of the elements of *Zg for G S'. In other words, we 
identify *Zu and if there exists a finite chain of transformations given by the actions of 
elements of GL(2,Z) and the partially defined actions of elements of the *Zg taking 
to V ,. Note that this can happen if and only if u G Cone(D)g and u' G Cone(D)0/ with 
0' = A(0) for some A G GL(2,Z). 

The relation ^i"™' identifies fibers isomorphically with fibers and the quotient 

o^quant ^^quant ^ ^quant 

will also be referred to as an ultrasolenoid. The relation ^i"™' induces a relation of sec- 
tions preserving the *C-algebra structure, and we write the resulting quotient algebra 

opquant ■>pquant y ^quant 

In this spirit, we will also write 

o-f^class of^cone 

i ■— i ;f ■ 

Finally, we note that we have a pair of epimorphisms 



\ 



opclass 

given by the compositions 



opquant 



of^cone , of^class 



pclass Op ^ opcone ^ opquant 

Rougly speaking, the general philosophy will be as follows: we will define "universal" 
invariants which by definition will be elements of *r, whose 

- Projections via n yield ultratransversals in *r'^'^'*'^ corresponding to classical in- 
variants of elliptic curves. 

- Projections via Kg yield ultratransversals in *ri"™' which define the corresponding 
invariants for the 0-quantum tori. 

6. EisENSTEiN Ultratransversals 

We continue to fix as before ultrapowers *Z C *Q C *M C *C. In this section we asso- 
ciate to every ^ G Z and each pair (/X, 0) G ±H x an analogue of the classical Eisenstein 
series, defined as an ultratransversal 

Fix pL G iH. For each hyperfinite set [F,] G D and A: G Z consider the hyperfinite sum 

m 

Gk{li)\F,] = Y.^*mll + *n)-^'' := *-class of \ ^ (m,-^ + n,)"^*^ [ G *C. 

m l(m,,«,)Gf, J 

Note that this expression is well-defined even for k < 2, in contrast with the classical 
situation. For example, when k — Q,we have 

Go{l^)[Fi] ^ hypercardinality of [Ft] — *-class of 
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The £)-net 

(4) 

defines as described in the previous section an element *G<;(/x) G *r. We thus obtain a 
function 

"Gk : ±H — > *f . 

Denote by 



the composition of ^Gk with the projection n : *r — > 



'class 



Proposition 7. ^Gf^^^ is a modular form of weight k in the sense that 



(A'(Ai))^.<>Gf-(AAi) = ^Gf-(M) 

for all A eGL{2,Z). 

Proof. We will show that in °r 

{A'i^l)f^Gkm=A^■^Gk{^). 
We calculate at the level of the net (01): for 

A^( " M eGL(2,Z) 



we have 



2* 



= ^((a*m + c*n);U + (Z7*m + t/*«)) 

from which the statement follows. □ 

For k >2 and /i e H, let Gk{li) be the usual Eisenstein series. Since C C *r'^'^^^ we 
may view Gk as defining a family of "constant transversals" 

Gi, : H *f 

Or put another way, Gkifi) may be identified with the projection by n of the constant 
section 

u^G;t(M) eCc^Cu, ueUlt(D). 
In what follows, for any pair of sections f,g : Ult(D) *C we write f~g if f~gG 
*Cg C *C C *Cu for all u. Notice that this relation is preserved by the action of giving 
rise to the relation of infinitesimality of transversals in ^F'^'^^^ 

Proposition 8. For all jx G ±H, 

Gk{^) c ^Gk{^f-\ 

Proof. Let u G Cone(D). It will be enough to check that for any finite subset F dl? that 
the net of hyperfinite sums over elements in cone(F) converges to Gk{ji). This is certainly 
true if we restrict to the subnet of all finite subsets F' D F, because the classical Eisenstein 
series converges. The result then follows. □ 
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The proof of the Proposition |8] illustrates the importance of cone ultrafilters: they are 
the ones that recognize classically convergent infinite series. 
Define 

With the action of GL(2,Z) on ±H x S' defined as in §2, we have the automorphy 

(A'(Ai))*.^G,(A(Ai,0))-^G*(Ai,0). 

Let *R C *C be the sheaf of real points, and denote by *r(R) the sections with values 
in Let *fi"™'(M) denote the associated real points in *fi"™'. For the value jU = /, 
it is well-known that the classical Eisenstein series is real valued. For the same reasons 
we have the following important reality result for the classical Kronecker foliations (those 
corresponding to pairs (;, 6}): 

Proposition 9. For all k and € M — Q, 

Proof. As before, we work on the level of the defining net We consider any subnet 




where [Fi\ range over the elements of some X G cq. Taking the conjugate yields 

n n 

where A is the element of PGL(2, Z) defining z ^ — z. It follows then by the automorphy 
that *G^"^"*(/, 9) is equal to its own conjugate. □ 

7. The Weierstrass Function and Infinitesimal Equation 

In this section we define a Weierstrass function and equation for a generalized Kro- 
necker foliation using the Eisenstein series defined in the previous section. As in the previ- 
ous section, we will define the Weierstrass function using nets of hyperfinite partial sums. 
In order to get the right invariance property with respect to *A(^ (and so obtain a func- 
tion defined on *^(^ e) = nonstandard Kronecker foliation defined at the end of §4) we 
will need to alter the usual formulation of Weierstrass' function by dropping the "correc- 
tion terms", which are at any event not necessary since we are not taking the full sum. This 
change in Weierstrass function will give rise to a change in the Weierstrass equation. 

Let D be as in the previous section, and denote by *C U {°°} the sphere sheaf over 
Ult(Z)): which has fiber over u the set *Cu U {°°]. Denote by *C U {°°] the set of sections. 
We have in much the same way the associated set of transversals *r'^'^'*'* U {°°} and f"™' U 

The nonstandard p-function with no correction terms 
(5) *<(S^=:*C— >*fu{oo}, 
is the section associated to the net of hyperfinite sums, whose [Fj\ component is 

{*m*n)e[Fi\ 
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where [Ft] is a hyperfinite subset of *Z^. Note that ^p"*^ induces a function ^p""^ of the 
nonstandard, classical torus 

We remark that it is not possible to define in this way a p- function having domain 'C, 
since the latter is not even a ring, so that in particular, the rational terms appearing in the 
defining sum of ^^^"^ would not make sense for e *C. 

To discover the appropriate notion of Weierstrass equation in this setting, we study the 
Weierstrass function without correction terms in the case of the elliptic curve T^^, in which 
we restrict attention to nets indexed by finite sets F dl?. For each such F and z £ C, 
consider the partially summed Weierstrass function without correction terms 

i^F{z)= I {z-{m^+n)r\ 

{m,n)eF 

If we denote 

gi,F= ^ {mn+n)~^ 

F-{0,0) 

and 

eF{z)=p{z)-{p"F'{z)-gi,F) 
(where p(z) is the usual Weierstrass function) then 

(6) Mz) = ^F'iz)-gi,F + eF{z), P^{z) = {m'{z) + e'Az). 

If we write 

F^Z^ 

to mean that F eventually contains any finite subset of Z^, then we have that £^(2) con- 
verges to uniformly on compacta in C — as F — ^ Z^. 

We adopt notation in this setting similar to that found in §5, that is, let c be the cone 
filter on D = Fin(Z^) = set of finite subsets of Z^, and call an ultrafilter u D c a cone 
ultrafilter, denoting the space of cone ultrafilters by Cone(D) C Ult(Z)). We denote by °Cu 
the ultraproduct of C with respect to u e Ult(D), and consider as well the set °Cu U {°°}. 
The sheaves °C, °CU {00}, as well as their spaces of sections °f, °f U {00} are defined 
as in previous paragraphs. The quotients of these spaces by the diagonal action of I? are 
denoted by replacing "checks" by "hats". 

It follows then that the Weierstrass function without correction terms gives rise to a 
function 

°<f&"=:C^°fu{oc}. 
For each mjX + n e A^n and F dl? finite we have the following invariance property: 

^p\z + (mM + n)) = pp+(„^^) (z). 

Thus, we obtain a map 

°^=:T;, ^°fu{oo} 
which is induced by the postcomposition of "^"^ with the projection 

°f U{oo}^°f U{oo}. 

Recall that if 



gi = giili-) = 60G2(m), ^3 = ^3(m) = 140G3(m) 
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are the normalized values of the Eisenstein series associated to A^u then {p, pi) satisfies 
the (affine) Weierstrass equation 

E^,{X,Y)^Y'--AX^+g2X+g^^Q. 

We will derive from this equation an infinitesimal equation involving only ° p>"'^ and {° p>"'^)' 
by evaluating the Weierstrass equation in the expressions (|6]l, and examining carefully the 
nature of the resulting nets of equations. 
We begin by writing 



where the 5 terms correspond to the F-tails of the "lower case" Eisenstein series; that is, 

g2=g2,F + ^.F and gi=gi,F + ^,F- 

Developing the powers in parentheses and moving the terms which give rise to obviously 
non infinitesimal nets to the left hand side, we obtain on the left hand side of the equation: 

-4^=(z)3 +Ag\^p + n^,\zfgi.F - npf{z)gip 

+g2.Fp^''{z) - gl,Fg2,F + g3,F 

In the Theorem that follows, we show that the remaining terms that have been segregated 
on the right hand side define infinitesimals in °Cu, for any u G Cone(D). 
Denote by 

gi& r 

the ultratransversals (i.e. section classes) defined by the nets }, i— 1,2,3. Write 



°E^{X,Y) = Y'- AX' + n°g,X' - \^2°g\ - °g2jX + [A°g\ - °g,°g2 + °g. 

Definition 3. The infinitesimal Weierstrass equation associated to pi is 

%(X,F)^0. 

Denote by °Ef'^^{X,Y) the restiiction of the coefficients of °E^,{X,Y) to Cone(D). 

Tlieorem 3. The restriction (°(f£'"^)')lcone(D) '-^ a solution of the classical infinitesi- 

mal Weierstrass equation 

°i 

Proof. We must show that the terms not included in the polynomial "E^ {X,Y) give rise to 
infinitesimals in °Cu, for all u G Cone(D) . These terms are the nets with F-components: 

-e'p{z)^, ~2p}''{z)'e'p{z) primed terms 
UpTp^zfeFiz), 12p;"(z)ef (z)2, 12g?^ef(z), -llgi^peliz), Aepizf degree 3 terms 

-^,fP'f{z)-, ^.Fgi,F,- 5F(2)£f(z) degree 2 terms 



— &i^F degree 1 terms 
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Note first that e^(z) is the F-tail of the convergent derivative p'(z), and so tends to 
as F ^ I?. Thus, the first prime term gives rise to an infinitesimal in °Cu and the second 
primed term as well, since it is a product of an infinitesimal in °Cu with a bounded element. 
Consider now the product P^'^{z)£f{z)- Without loss of generality we assume that (0,0) G 
F . In addition, in the lines that follow, we write 7 G F to mean 7 = m/x + n G and 
(m,n) G F . Then we have asF -^1? 

pF{z)eFiz) ^ (pFiz)+ L i)( L (7^2-^) 

since Pf{z) defines a bounded net for z ^ and Ef (z) 0. 

We may without loss of generality assume that F is the set of all integer points in the 
2M X 2M square Pm centered at the origin: that is, F consists of the tuples (m,n) where 
|m|,|n| <M. Then 



yeF-O 



1 



L TJ <C^-<Clogm 



r - J 

where C is a constant that does not depend on m. On the other hand, we have that the 
second factor involving T] is dominated by the integral 



IL 



dxdy f 1 

^ =0' 



It follows that p'jp'^{z)£F{z) -^0 as F ^ 7? and gives rise to an infinitesimal in any Cu for 
u G Cone(D) . Using similar estimates, it is straight forward to check that all of the terms 
of degrees 1-3 give rise to infinitesimals in Cu as well. □ 

We now return to the "diamond" ultrapowers and the Weierstrass function (|5]l defined 
at the beginning of this section. Define in *r the relation of *-asymptocity, 

T] ~* 7]', 

if for each non zero *e G *R+ and u G Ult(D), \ri{u) - T7'(u)| < *e. This relation descends 
to one in *r'^'"'*^ The infinitesimal Weierstrass equation 

%(x,y) ^*o 

has exactly the same form as that defined above, only we replace ~ by and circles by 
diamonds, and its coefficients belong to *r. Denoting as before ^^^'^^^(X, 7) the polino- 
mial obtained by projecting the coefficients of ^Efj {X, Y) to ^P'^i^^^, we have the following 
extension of Theorem[3]to the diamond setting, whose proof is left to the reader: 

Theorem 4. The restriction (*(fy"^)')lcone(D) <^ solution of the ^-infinitesimal 

Weierstrass equation 

We now extend these ideas to the quantum torus setting. By restricting the composition 

*c ^ *ru {00} ^ n"™' u {00} 

to the nonstandard line *L(^y^ Q^ and quotienting by the action of *A(^ gj, we obtain a func- 
tion 
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the Weierstrass function of the nonstandard Kronecker foUation. If we replace the ^gkili-) 
coefficients by their 0-quantum counterparts 0) we obtain as well the associated 

infinitesimal Weierstrass polynomial 

Lemma 1. For all k>l, [Fi] C *Zg and *z e *L(^_e) - *^{n.e)> 

Proof. Every [Fj] C *Z| has the property that [Fj] contains no finite integer pair (m,n) with 
the possible exception of (0,0). As the elements of [F/] consist of Diophantine approxima- 
tions of 9, for / large there exists a sequence 5; such that for all (m,n) G F, 

mpL+n ~ n(l + + 

where 5; 0. Then we have for all A; > 1 



gk{^)[F,] 

On the other hand, we have 



1 ^ 

„2k 



(*Z) - ^1 (M)[f,] = <Rf,] - 

since [F,] consists of purely infinite elements: that is to say, for any natural number and 
/ sufficiently large, all of the elements of Fi have norm larger A^. Since we have just shown 
that g\{pi) [f.] ~ 0, the result follows. □ 

As a corollary, we have that the pair , ^ P^ip. d) ) trivially satisfies the infinitesimal 

Weierstrass equation 

^E^;7)(x,y)^o, 

since by Lemma[Tl e ) ' * <f^n e ) ) ' ^^^^ as all of the coefficients in ^El"!^™' (X , F ) , are 

~0. 

On the other hand, it is not the case that the coefficients in ^Ej^^™' are 0. This 
motivates the following 

Conjecture. The pair (*<^'^q,*<PJj q) is a solution to the ^-infinitesimal equation 

-E^;^,";(x,F)^.o. 

8. The Modular Invariant 

In this section we define the analogue of the modular invariant for the quantum torus. 
For the time being, we shall drop the arguments /i and (/i, 0) that appear in the coefficients 
of the Weierstrass polynomial, as the considerations which follow do not depend upon 
them. 

Performing a change in variable as in 1.25 J . page 46, produces a Weierstrass polynomial 
in normal form with cubic term coeficient equal to 1 : 

-X^ -a2X^ -as,X~a(, 

where 
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and 



o 3 81 82 , -83 
a6 = -[ 8i 



4 4 

We define the modular invariant in this context to be that formed from the coeficients of 
the above poHnomial following the usual recipe e.g. that described in 1 12|: defining 

where 

C4 = (4a2)^ - 24 • 2fl4 and cg = -(4a2)^ +36(4fl2)(2fl4) -216(4fl6). 
Theorem 5. The modular invariant of the infinitesimal Weierstrass equation ^Efi{X,Y) is 

coinciding with the form of the classical invariant. 
Proof. We have 

C4 = (4fl2)^-24-2fl4= 144^^?-48(3^^?-*^2/4) = W'gi. 
Similarly it can be checked that 

C6 = -(4fl2)V36(4a2)(2a4) -216(4fl6) =216*^3 
from which the result follows. □ 

We now re-introduce the pL, {lJ.,9) notation, as well as the restrictions that define the 
classical and quantum invariants. Since the automorphies of the numerator and denomina- 
tor cancel, we obtain functions 

: Mod — > ^f'^''"' 

and 

Since *g2 — g2 and ~ ^3 for any ultrafilter in Cone(D), we have immediately: 

Corollary 1. Let j{p.) be the usual j -invariant of the elliptic curve viewedas a constant 
transversal in "P^''^^ T/zen Y'"'' ) - 

Note that by Proposition |9] the image of Mod|;| = the fiber over [/] by ^y'l"™' belongs to 
the real locus. 

Conjecture. Every element o/*y''"™'(Mod|^|) is infinitesimal to a standard real. 

It is hoped that if the conjecture indeed turns out to be true, that in the case of a real 
quadratic irrationality, 0) would then be infinitesimal to an algebraic number, and 

that this algebraic number could be used to generate the Hilbert class field of the field 
extension/: = Q{9). 
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